AN ELEMENTARY CONSTRUCTION OF ANICK'S FIBRATION 

BRAYTON GRAY AND STEPHEN THERIAULT 

Abstract. Cohen, Moore, and Neisendorfer's work on the odd primary homotopy theory of 
spheres and Moore spaces, as well as the first author's work on the secondary suspension, predicted 

the existence of a p-local fibration S^"^^ > T > ^25"^"+^ whose connecting map is degree p*". 

In a long and complex monograph, Anick constructed such a fibration for p > 5 and r > 1. Using 
new methods we give a much more conceptual construction which is also valid for p = 3 and r > 1. 
We go on to establish several properties of the space T. 



1. Introduction 

In |CMNH[CMN2| INT] Cohen, Moore, and Neisendorfer proved a landmark result concerning the 
exponent of the homotopy groups of spheres localized at an odd prime p. When p > 3 and r > 1 they 
constructed a map 7r„ : il^S'^^^^ — > 5*-^"^-^ such that the composition with the double suspension 

is homotopic to the p''-power map. The existence of such a map for r = 1 was used to show that 
annihilates the p-torsion in vr, (5^"+^) = 0. 

In |CMN3| , the authors raised the question of whether the map 7r„ occurs in a fibration sequence 

The first construction of such a fibration was accomplished for p > 5 by Anick A and was the 
subject of a 270 page book. There has been much interest in finding a simpler construction. It is the 
purpose of this paper to give an elementary construction of the space T and the fibration which 
is valid for all odd primes. The methods are new and have the advantage of being straightforward 
and accessible to nonexperts. It is anticipated that they should be of use for other problems as well. 
A comparison of our methods and Anick's will be given once we state our results. 

The question of the existence of a fibration as in (fX|) appeared in another context at about the 
same time. In trying to understand the secondary suspension [Cll^, the first author [G4| IG5| was 
led to conjecture the existence of (i — l)-connected spaces T,; which fit into secondary EHP sequences 

T2n flT2n+l BWn+1 
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where BWn is the classifying space of the fiber of the double suspension constructed in |G3| . These 
EHP fibrations should fit together in such a way that the resulting spectrum {Ti} is equivalent to 
the Moore spectrum 5*^ Upi- e^. The T^'s would then give a refinement of the secondary suspension 
into 2p stages. The analysis indicated that T2„ is homotopy equivalent to S'^"+^{p'"}, the fiber of 
the map of degree on 5^"+^, and that T2n-i would sit in the fibration sequence 

Our first objective is to construct a secondary Hopf invariant H : nS^"'^^{p^} — > BWn for p > 3. 
This lets us define T as the homotopy fiber of H. It follows easily that T satisfies the fibration in ([^ 
and the second EHP fibration. We also show that the space we construct is homotopy equivalent 
to Anick's when p > 5. 

The EHP viewpoint also predicted that the T^'s should have a rich structure. They should be 
homotopy associative and homotopy commutative //-spaces enjoying a certain universal property. 
Together, these properties would imply that the mod-p*" homotopy classes of the T^'s could be rep- 
resented by multiplicative maps. That is, letting P^(jf) be the mod-p'" Moore space of dimension i, 
there should be a one-to-one correspondence 

[P'^{p^), Tj] ^ {homotopy classes of 7?- maps from Ti to Tj}. 

The properties were easy to establish when i is even |G4| . Subsequent to Anick's work, Anick and 
the first author jAGj constructed an iJ-space structure on T by showing that, for each n, there is a 
{2n — 2)-connected co-H space G with the property that T is a retract of ilG and G is a retract of 
ST. They also proved a semi-universal property for T. The other properties were later established 
by the second author }T2| . 

Our second objective is to take advantage of our construction of the space T to give a new, simpler 
construction of the space G, and prove all the properties in [AG] for p > 3. Collectively, our results 
are as follows. 

Theorem 1.1. Suppose p > 3 and ?' > 1. Then the following hold: 
(a) there is an H -fibration sequence 

^2^2„+l ^ ^2„-l _^T^ ^S^n+l 



where the composition 



j-^2^2n-(-l ^r,^ g2n-l E ^ j-22^2n+l 



is the p^ -power map; 
(b) there is a fibration sequence 



VtG -^T — >R — >G 
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where h has a right homotopy inverse g : T — > CIG so that 

no ~T xQR 

with R a wedge of mod-p'^ Moore spaces for s > r; 

(c) the adjoint of g, 

g:J:T^G, 

has a right homotopy inverse f : G > YiT and there is a homotopy equivalence 

ET ~ G V 

where W is a wedge of mod-p^ Moore spaces for s > r; 

(d) there are "EHP fibrations" 

Wn T2n-1 nT2n ^ BWn 

Wn+1 ^ T2n ^ nT2n+l ^ BW^+l 

where T2n = T'2„_i = T , and there is an equivalence of spectra {T,;} 2± 5° Upi- . 

Our methods are simpler and more direct than those of Anick. He constructed T as a retract of 
a loop space ^ID, where D is an infinite dimensional CVK-complex whose bottom two cells are the 
mod-p"" Moore space and whose other cells come from iteratively attaching certain Moore 

spaces in a delicately prescribed fashion. A great deal of his effort was directed towards constructing 
the attaching maps, and this necessitated the introduction of many new techniques. The restriction 
to primes strictly larger than 3 was due to a heavy reliance on differential graded Lie algebras 
which require that the primes 2 and 3 be inverted in order for the Lie identities to be satisfied. 
By contrast, we construct the space T directly for all p > 3 without reference to the space D and 
without reference to differential graded Lie algebras. The main ingredient in this new construction 
is an extension theorem (presented as Theorem 12. 3p . This allows for a straightforward extension of 
the map VL^S^''+^ — > BW^ constructed in [G3] to an EHP map H : QS^'^+^ip} — > BW„. 

The new methods may be useful in positively resolving a long-standing conjecture that the 
fiber Wn of the double suspension is a double loop space at odd primes. Including dimension 
and torsion parameters, the space T2„p_i(p) gives a candidate for a double delooping: potentially 
Wn — fl^T2np-iip)- Such a homotopy equivalence would have deep implications in homotopy theory, 
one of which being a much better understanding of the differentials in the EHP spectral sequence 
calculating the homotopy groups of spheres. 

This paper is the result of combining separate efforts by the two authors. The second author dis- 
covered the extension theorem and obtained part (a) of Theorem 11.11 without the iJ-space structure, 
as well as part (d). The first author later found a different application of the extension theorem to 
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obtain a factorization of the map i7, as well as a further application of the extension theorem to 
obtain parts (b), (c), and the if-space structure. 



2. The extension theorem 

We begin by restating a theorem of the first author [G3 which identifies certain homotopy pull- 
backs as homotopy pushouts. A homotopy fibration X — > Q — > A has a trivialization if there is a 
homotopy equivalence Q ^ A x X m which the map Q — > A becomes the projection Ax X — U A. 

Theorem 2.1. Suppose X — > F' > E' is a homotopy fibration and there is a map A > E' . 

Let Q be the homotopy pullback 

Q ^ F' 



A 



E' 



and let E be the homotopy cofiber of A — > E' . Then the homotopy fibration X 
trivialization if and only if there is a homotopy pullback 



A has a 




for some space F. Further, if the trivialization exists, there is a homotopy pushout 

Q~ AxX ^ F' 



X 



F 



where tt2 the projection onto the second factor. 



□ 



There is a special case of Theorem 12.11 in the context of principal fibrations which is the key 
tool used to construct T and prove Theorem ll.il In general, suppose there is a homotopy fibration 
sequence 

nB F — > E — > B. 

Then there is a canonical homotopy action 6 : F x ClB — > F satisfying homotopy commutative 
diagrams 



riB X riB — ^ nB 



F xQ.B ^ F 



F xnB 



F 



E 
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where is the loop multipUcation and tti is the projection. Note that both squares are homotopy 
pullbacks. Now suppose there is a homotopy cofibration A — E' — > E. Define spaces Q and F' 
by the iterated homotopy pullback diagram 

Q ^ F' ^ F 



A 



B 



E' 



B 



E 



B. 



In particular, the map A — > B is null homotopic as it factors through the middle row which consists 
of two consecutive maps in a homotopy cofibration. So Q ~ A x VlB. This lets us apply Theorem l2.1l 
to see that there is a homotopy pushout 

A X OB F' 



rtB 



F. 



What we wish to do is choose a particular trivialization of Q which lets us identify the map A x 
Q.B — > F'. 

The fact that there is some decomposition Q ~ ^4 x VlB implies that we can choose a lift 



a : A 



F' 



of b. There may be many choices of a lift, but for the moment any choice suffices. The definition 
of F' as a homotopy pullback results in a homotopy fibration sequence ilB — > F' — > £" — > B. 
This determines a homotopy action 9 : F' x flB — > F' . Let 9 be the composite 



: AxnB F' xnB 



F'. 



Proposition 2.2. Let F — > E — > B be a homotopy fibration and suppose there is a homotopy 
cofibration A -'^ E' — > E. Define the space F' and the map 9 as above. Then there is a homotopy 
pushout 

Ax VLB — ^ F' 



9.B 



F. 



Proof. Consider the diagram 



AxnB F' X nB 



F' 
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The right square is a homotopy puUback as it is one of the canonical properties of the homotopy 
action 9. The left square is a homotopy puUback by the naturality of the projection. So the outer 
rectangle is also a homotopy puUback. Observe that the top row of the rectangle is the definition of 6 
while the bottom row is the given map b by the definition of a as a lift. Thus if Q is the homotopy 
pullback 

Q — F' 

a 

A ^ E' 

then there is a homotopy equivalence e : A x Q,B — > Q such that y o e ~ tti - so the homotopy 
fibration flB — > Q — > A has been trivialized - and g o e ^ 6. Therefore Theorem 12.11 implies the 
existence of the asserted homotopy pushout. □ 

We now state Theorem 12. 3[ which uses Proposition 12.21 to construct an extension under certain 
conditions. The conditions involve exponent information, so we first make two definitions. If yl is a 
co-H space, let : A — > A be the map of degree p''. If Z is an H-space, let : Z — > Z be the 
p''-power map. 

Theorem 2.3. Let 

VLB ^ F' ^ E' ^ B 



VLB ^ F ^ E ^ B 

he a homotopy fibration diagram and suppose there is a homotopy cofibration A — ^ E' — > E where 
A is a suspension. Observe that the map h lifts to F' ; suppose there is a choice of lift a : A — > F' 
with the property that Ea ^ top^ for some map t. Suppose there is a map f : F' — > Z where Z is 
a homotopy associative H -space whose p^ -power map is null homtopic. Then there is an extension 

f 

F' ^ Z 

f 

F ^ Z 

for some map f. 

Before beginning the proof, we state a Theorem of James [J] and prove two preliminary Lemmas. 
If X is a space, let E : X — > VlY,X be the suspension. 

Theorem 2.4. Let X be a path- connected space and Z be a homotopy associative H-space. Let 
f : X — y Z be a map. Then there is a unique H-map f : VlY,X — > Z such that f o E ^ f . □ 
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We say that / is the multiplicative extension of /. 

To prepare for Lemmas 12.51 and 12.61 we estabhsh some notation. Let X and Y be spaces. Let 
ii : X — > X y. Y and «2 : X — > X y. Y he the inclusions, and let tti : X x Y — > X and 
■K2 '■ X xY — > Y be the projections. It is well known that there is a natural homotopy equivalence 

e : V V {HX hY) — > E(X x Y) 

such that the restrictions of e to Y,X and HY are Sii and Sz2, and Stti oe and S7r2oe are homotopic 
to the pinch maps onto HX and T,Y . There may be many choices of such a homotopy equivalence; 
any fixed choice will do. Let j be the restriction 

j : V (sx A r) V sy V (sx A r) s(x x y). 

Lemma 2.5. ie< Z &e a homotopy associative H-space. Suppose there is a map f : X x Y — > Z 
whose multiplicative extension f : QTi(X x Y) > Z has the property that the composite 

X V {X AY) ^ n^{x v{x A y)) ^ nj:{x xy) ^ z 

is null homotopic. Then there is a homotopy commutative diagram 

1 



x y) 

nS7r2 

miY — 



z 



where fy is the multiplicative extension of fy '. Y 



X xY 



Y. 



Proof. Consider the diagram 



nj:{x vY \j {X AY)) 

nT,q 



VlYs{X X Y) 



VLYTY 



nnY 



where q is the pinch map. By definition of e, we have TiTi2 o e ^ Sg, so the left square homotopy 
commutes. The assertion of the Lemma is that the right square homotopy commutes as well. As e is 
a homotopy equivalence, it is equivalent to show that the outer rectangle homotopy commutes. Since 
all maps are multiplicative and Z is homotopy associative, Theorem 12.41 implies that it is equivalent 
to show that J oVLeo E r^Jy onY^qo E, where E : XWY \J {X AY) — > V y V (X A y)) is the 

suspension. By hypothesis and the naturality of E, the restriction oi f oVleo E io X\/ {X AY) is null 
homotopic, so f ofleoE factors as the composite X \/Y \/ {X AY) — ^ Y Z. On the other hand, 
as f y is the multiplicative extension of /y, we have fy o E ^ fy. The naturality of the suspension 
therefore implies that fy o fiSg o E ^ fy o E o q ^ fy o q. Hence f o fie o E ^ fv °q ^ fy ° ^^q ° E, 
as required. □ 
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Lemma 2.6. Let QB — > F — > E — > B be a homotopy fibration sequence and let 9 : FxQB — > F 
be the associated homotopy action. Suppose A is a suspension and there is a map a : A — > F such 
that Sa ^ top^ for some map t. Let 9 be the composite 



9 : AxnB F xQB 



F. 



Suppose there is a map f : F — > Z where Z is a homotopy associative H -space whose p^ -power 
map is null homotopic. Then there is a homotopy commutative diagram 



AxnB 



F 



fod 

VLB ^ Z. 



Proof. First suspend and look at I](a x 1). Consider the diagram 

E|)''V(Sp'^Al) 

T.A V (SA A nB) ^ V (SA A nB) 

tV(tAl) 

SaV(SaAl) ' 

Y.A V (EA A nB) ^ SF V (EF A VlB) 



T.{A X VLB) 



S(axl) 



E(F X VLB) 



The top square homotopy commutes by the hypothesis that Sa ~ t o p^ . The bottom square 
homotopy commutes by the naturality of the map j. 

Looping this diagram and using the naturahty of the suspension, we obtain a homotopy commu- 
tative diagram 



AV {AA VIB) 



p''V(p''Al) 



(1) 



AV (Aa nB) 



flS(p''V(p''Al)) 

nj:{A V (A A VLB)) ^ n^{A v {Aa nB)) 



VLJ:{A X VLB) 



J1(jo(tV(tAl))) 

VLY.{F X VLB). 



Let = Vl{j o (t y {t A I))) o E o (p'' V (p'' A 1)) be the upper direction around ([T]), and let tp = 
VLY,{a X I) o Vlj o E be the lower direction around So (f> ^ (p. Now compose to Z as follows. 
By hypothesis, Z is homotopy associative, so by Theorem 12 .41 the identity map on Z extends to an 
_ff-map r : VLYiZ — > Z such that r o E ^ 1. Define 7 by the composite 



7 : nj:{F X VLB) ^^^^ fiEF OEZ 



z. 
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Observe that 7 o is an element of 

N = [Ay {AAnB),Z] 

which is divisible by p''. Here, the group structure on is determined by A V (A A flS) being 
a suspension. As Z is homotopy associative, this group structure on N is equivalent to the one 
determined by the i7-structure on Z. By hypothesis, the p'"-power map on Z is null honiotopic, and 
so N has exponent . Thus 7 o is null homotopic, and so 7 o is null homotopic. 
Now we set up to apply Lemma 12.51 Consider the diagram 

axl e f 



AxflB 

E 

m:{A X VLB) 



F xQB — 

E 

'nj:{F X QB) 



F 



Z 



n^F 




The three squares homotopy commute by the naturality of E. The right triangle homotopy commutes 
by the definition of r. So the entire diagram homotopy commutes. Let g = / o o (a x 1) be the 
composite along the top row, and let g = r o ilE/ o Vll]9 o ill][a x 1) be the composite along 
the bottom row. Observe that g is an iJ-map as it is the composite of iJ-maps, and 'g o E ^ g. 
Thus 5 is the multiplicative extension of g. Further, by their definitions, g — "f ° ilS(s x 1) and 
if — Q'E{s X 1) o flj o E, so the null homotopy for j o ip implies that the composite 

a\/{aa qb) nj:{A xnB)^ z 

is null homotopic. Therefore, by Lemma |2.5[ there is a homotopy commutative square 

nY.{A X flB) -^-^ Z 

f2S7r2 



nT,nB 



where h is the multiplicative extension of 



h : VLB 



Ax VLB 



Finally, the previous square and the naturality of the suspension give a homotopy commutative 
diagram 

Ax VLB — ^ X VLB) Z 

f2S7r2 

VLT,nB — - 



B 



z. 



Since g and h are the multiplicative extensions of g and h respectively, we have g o E g and 
h o E ^ h, and so the homotopy commutativity of the diagram implies that g h o tt2. Now we 
untangle definitions. By their definitions, g = fo9o(ax 1) and 9 — 6 o [a x 1). So g ^ f o 9. By 
their definitions, h = g 012 and g = fo9o{ax 1). The definition of as a homotopy action implies 
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that 9 o [a X 1) o i2 ^ d. Thus h ^ J o d. Hence J o 6 ^ f ° d o tt2, precisely as asserted by the 
Lemma. □ 



Proof of Theorem \2.3[ The given diagram of principal fibrations and homotopy cofibration let us 
apply Proposition 12 . 21 to obtain a homotopy pushout 



AxnB 



VLB 



F' 



F. 



Since ^ is a suspension, the lift A — ^ F' has the property that Ea ^ t o , and Z is a homotopy 



associative i7-space whose p''-power map is null homotopic, we can apply Lemma [2.6l to the homotopy 



fibration sequence flB — > F' — 
homotopy commutative diagram 



E' — > B and the given map F' — > Z in order to obtain a 



AxnB 



nB 



F' 



/' 



Z. 



f 

Therefore there is a pushout map / : F — > Z with the property that the composite F' — > F — > Z 
is homotopic to /', as required. □ 

3. The construction of the space T 

The purpose of this section is to construct the spaces T and produce several fibration sequences. 
We begin our discussion with the Moore space 

which we will abbreviate as P^ . Let us fix some notation by defining a diagram of fibration sequences 
induced by the lower right hand corner 



(B) 



E 



p2n+l 



2n+l 



F 



p2n+l 



s 



2n+l 



The spaces E and F were first introduced in |CMN2| [CMNf j . It is easy to see that 

Z i — 2kn 
i ^ 2kn 



H\F) 
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and the fibration connecting map — > F is divisible by in each nonzero degree in integral 
cohomology. In their work [CMN2| . the authors introduced certain maps Xi : p^m-i — ^ -^^j^ose 
adjoints Xi : p^m — ^ p induce epimorphisms in integral cohomology. For each i > 1, is a relative 
Samelson product, so the composition 



p2ni ^ p 



is an iterated Whitehead product. Since S'^"+^{p''} is an H space, these classes lift to E, giving 
diagrams 



E 



F 



p2n+l 



for some maps yi. In particular, iryi — Xi : p^m — ^ p composes trivially to p^n+i ^^-^^ factors 
through r^S*^"^^. Thus the induced homoniorphisni in 2ni dimensional cohomology is divisible by p'" 
and hence trivial. Consequently, we obtain the following. 



Lemma 3.1. The composite H^"*(P) 
each i> 1. 



H'^™{E) pi'im (^p2m^^ epimorphism for 

□ 



We require one more lemma to apply the results of Section (5] 

Lemma 3.2. Suppose X is 2- connected and M is either a sphere or a Moore space. Let f : SM 
X be given. Define A by the cofihration sequence 

M ^ M ^ em. 



Suppose there is a commutative diagram 



T,A 



Si 



XUf CEM ^ 

for some map x, where p is the quotient map. Then there is a commutative diagram 



EM 



X 



i:a 



XUf 



for some map x' , and f is homotopic to p^ ■ x' . 
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Proof. Consider the standard map from a cofibration sequence to a fibration sequence defined by 
the right hand square 



EM 



EM 



E^ 



J(EM) 



J{X, EM) 



X U/ CEM 



S^M 



E^A-/. 



Here J(EM) is the James construction and J{X,SAI) is the fiber of p |G2| . The map x" is the 
adjoint to the identity for an appropriate choice of x' . Suppose Ei\f has dimension k. Since X 
is 2-connected, the fc + 1 skeleton of J{X, EAf) is X and x' factors through X up to homotopy. 
Since x" factors through EM as well we have a homotopy commutative square 



EM 



EM 



/ 



EM 



X 



□ 



which proves the Lemma. 

We apply these results as follows. Let be the 2ni skeleton of F, so 

where 7; is the attaching map. Now combining 13. II and 13.21 with M — S*^"'^^, X ~ / = 7^, 

s — r, and x — iryi we obtain the following. 

Corollary 3.3. For each i > 1 we have a homotopy commutative diagram 

Si 



where Si satisfies a homotopy commtutative diagram 

g2ni—l ^ p2ni ^ ^ 

F(^z-i) ^ F. 



We now set up to apply Theorem 12.31 Define the space as the homotopy puUback 



□ 



E, 



E 
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Observe that there is a homotopy puUback diagram 

Q2g2n+1 ^ E^,_,) ^ ^ f752„+l 

Q2g2n+1 ^ E^,-) ^ ^ 17S'2»+1. 

By the definition of there is a homotopy cofibration S*^"'"^ ^{i-i) — ^ -^(0- Thus ji hfts 
to E(^i_iy A lift can be chosen which is divisible by . Specifically, by CoroUarv 13.31 7; ^ Siop^ . 
Moreover, Ji^ F{i^i) composed to F factors through E F. Thus there is a puUback map 

yi : 5^"*^^ — > -^(j-i) such that the composite — * -^(i-i) homotopic to 5^. 
Hence a = op'' is a lift of 7^. Theorem 12.31 now immediately implies the following. 

Theorem 3.4. If Z is a homotopy associative H space whose p^ -power map is null homotopic, then 
for i > 1 any map ^ extends to a map 4> : — > Z . □ 

In |G3| . a classifying space BWn of the fiber of the double suspension was constructed, along with 
a fibration sequence 

Corollary 3.5. There is a map : E — > BWn such that the composition 
is homotopic to v. 

Proof. Since = 5^", we have the fibration 

^2^2n+l ^ ^^^^ ^ ^2n ^ J^S'Sn+l. 

This fibration was analyzed in [G3j and it was shown that ~ 5'4ti-i ^ BWn in such a way 
that the composition 

^2_5.2n+l ^ ^W^ ^ BW^ 

is homotopic to v. It was also shown that for p > 5 BWn is a homotopy associative H space. The 
H space structure on BWn was shown to be homotopy associative for p — 3 and that the p*'*-power 
map on BWn is null homotopic in T5J. Thus for i > 1 we can apply Theorem l3.4l to construct maps 
I'i : — > BWn by induction such that Vidi ^ v. Since E — U£^(i), we define : E — > BWn by 
v^\E^ = V,. □ 
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Theorem 3.6. There is a diagram of fibrations 

g2n-l ^ f]25-2«+l _JL^ BWn 



BWn 




with i null homotopic and so flF ~ S*^" ^ x flRo. 

Proof. The space Rq is defined as the fiber of i^^ . Since the fibration 

is induced by a map to ilS'^"+^ which induces an isomorphism in i?2n( ), the map ilF — > S*^"^^ 
induces an isomorphism in H2n-i{ ) and hence has a right homotopy inverse. □ 



It is worth noting at this point that the space flRo is spht in [CMNl] : there is a homotopy 
decomposition 



i>l 



where P{n, r) is a compficated wedge of mod-p'" Moore spaces. The fact that the product on the 
right is a loop space and is mapped to CIF by a loop map is not obvious from their analysis. The 
structure of Rq is rather simple. 



Proposition 3.7. We have 



H^{Ro) 



li/p^i if m — 2ni 







othe 



Furthermore, there is a choice of generators Ci G H'^''"'^{X) such that eiCj =p^{' ^' 



Proof. Apply the Serre spectral sequence to the fibration S"^ 



Rf) 



F in Theorem [331 □ 



We now construct the space T in Theorem 11.11 and prove the existence of the fibrations in parts (a) 
and (d), leaving the _ff-structure to the next section. By Diagram ([B|) there is a fibration sequence 
^5.2«+i{pr| JL^ E ^ p2«+i — ^ S'2"+i{]5'-}. Define H by the composition 



Note that H can be regarded as a secondary Hopf invariant. Define T as the homotopy fiber of H. 
Then Theorem 13.61 implies the following. 
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Theorem 3.8. There is a diagram of fibrations 



15 



T 



H 



flS^n+lf^pr^ ^ BWn 



Rq 



E 



p2n+l ■ p2n+l 



□ 



The connecting maps for the vertical fibrations in Theorem 13.81 immediately give the following 

Corollary 3.9. There is a homotopy commutative diagram 

Qp2n+i f7p2"+i 



T ^ f7S'2"+i{p''} 

where the right map is the loop of the inclusion of the bottom Moore space. 



Continuing the diagram in (jBj, we have 



E. 



Observe that Hp ~ v Tp ^ v d ~ v. Theorem 13.81 therefore implies the following. 
Theorem 3.10. There is a diagram of fibrations 

^252«+l = n2g2n+l 



■2n-l 



T 



^252«+l ^ BWn 

P 

r2S'2"+l{p'-} — ^ BWn 



H 



^s'^n+i rjs'2"+i. 



□ 



□ 



In particular, the top square in Theorem 13.101 is Cohen, Moore, and Neisendorfer's factorization 
of the p''-power map on ri^S'^"^-'^. Since 7r„ has degree p'', we have the following corollary. 
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Corollary 3.11. There is a homotopy commutative diagram 



■2n-l 



52 




for each r > I. 



□ 



4. The construction of G and the _ff-sPACE structure on T 

In this section we construct an iJ-space structure on T. In fact we do more than that. We 
construct a corresponding co-H space G in the sense of |G7j ; i.e., we construct a (2n — 2)-connected 
space G and maps 



/ : G — > ST 
g:T — >nG 
h-.riG — >T 



such that the compositions 



G ^ ST ^ G 



are homotopic to the identity, where g is the adjoint of g. We go on to derive several interesting 
results from this structure. 

We will write T™ for the m-skeleton of T. We will also reintroduce the torsion parameter for 
Moore spaces as we will need to consider mod-p* Moore spaces P™(p*) for s ^ r. The space G will 
be filtered by subcomplexes Gk which will be constructed inductively starting with G_i = *. We 
will construct a map 

ak : P^'^P" {p'^+'') ^ Gk-i 

and define Gk as the mapping cone of a^. 

The induction proceeds through 14 steps for each fc, and we collect some information outside of 
the induction first. 

Proposition 4.1. As an algebra, H*{T;'Z,/p) is generated by classes u of dimension 2n — 1 and Vi 
of dimension 2np^ for each i > subject to the relations vf = and = 0. For each i define 



p—i p—i p— 1 
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Then /3(''+^) Ui = Vi. As a vector space H*{T;Z/p) is generated by classes v{m) of dimension 2mn 
and u{m) of dimension 2mn — 1 for each m > 1 where 

and m = J2i=s '^iP^ ' < < p, # 0. 

Proof. We apply the Serre spectral sequence for the cohomology of the fibration 

g2n-i — ^ y — ^ ns^"+^ 

Using Z/p coefScients we see that 

H*iT;Z/p) ^ H* (5'"-^Z/p) ® if* {nS^''+^;Z/p) 

as algebras. Using integer coefficients we see that iy{m) is the reduction of a class of order p^^^ so 
v{m) = /3('^+^)m(s) ^ 0. We define v, = /J^'^+^'u^- □ 

Note that dually the homology of T has a very simple description. There is a Hopf algebra 
isomorphism 

H^(T) ^ A(u) ® Z/pZ[t;] 

where u and v are dual to u and v respectively, and the dual Bocksteins are determined by = 
uv^ for i > 0. 

Anick [X] introduced the notation for the class of all spaces that are locally finite wedges of 
mod-p'* Moore spaces for a < s < 6. Note that any simply connected Moore space is a suspension, 
so any simply connected space in is a suspension. Recall that the smash of two Moore spaces is 
homotopy equivalent to a wedge of Moore spaces: if s <t then there is a homotopy equivalence 

P'"(p") A P"(p*) ~ P'"+"(p") A P'"+"-i(p"). 

In particular, is closed under smash products. Recall also that any retract of a wedge of Moore 
spaces is homotopy equivalent to a wedge of Moore spaces, so is closed under retracts. 

Lemma 4.2. Suppose W G is simply connected and f : P^{p*) > W is divisible by p^ . 

(a) Write W ^ Wi W W2 with Wi G W^^^ and W2 G W^. Then f factors through W2 up to 
homotopy. 

(b) Suppose in addition that W2 is {d — 1) connected and k < pd. Then f 

Proof. Since is a wedge, there is a homotopy equivalence flW = flW2 x 57(Wi x fiW2) (see, for 
example, [Gl]). Since Wi,W2 G W^, both spaces are suspensions, and we can write Wi — J^Wi and 
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W2 = T,W2- Since Wi is a suspension, we have Wi x flW2 ~ V (Wi AflW2)- For the right wedge 
summand, the James sphtting of EfiEX as V EX^*^ gives 

Wi A nw2 ~ ST^i A r^sWa ~ Wi a (^Y sTFa'^^ 

Combining, we have 

Wi X nw2 ~ VFi V (vFi A w^i''') ) • 

In particular, since is closed under smash products, we have Wi x ilW2 G W^. Applying the 
Hilton-Milnor theorem therefore implies that fl{Wi xi nW2) — Hi ^P^' (p*') with a < s < 6 — 1. 

By [N3 , the p'+^-power map on n^P™{p^) is null homotopic for any r > 1 and m > 3. Thus 
P"^{p^) admits no nontrivial maps which are divisible by p*"^^. In our case, this implies that 
J^j f2P"'(p''') admits no nontrivial maps which are divisible by p''. Thus the adjoint of /, which 
is divisible by p'', is trivial on 17(1^1 xi ilW2) and so factors through the inclusion nW2 — > flW. 
Hence, adjointing, / factors through the inclusion W2 — > W, proving part (a). 

For part (b), since W2 E and W2 is {d — l)-connected, the Hilton-Milnor theorem implies 
that nW2 = n^-P"*(P^) where > d. By |CMN1[ IN3] . pSm+i^^r-) admits no nontrivial maps 
which are divisible by p^ from a CM^-complex of dimension t < 2mp, and P^™(p'')) admits no 
nontrivial maps which are divisible by p^ from a Ciy-complex of dimension t < 2(2m — l)p. In 
our case, the CM^-complex is P^{p^), the domain of /, and the target Moore spaces are the P'^^{p^) 
in the decomposition of r2W2- Since nii > d for each i, the hypothesis k < pd guarantees that the 
component of / on P"' {p^), being divisible by p'', is null homotopic. Hence / is null homotopic. □ 

Theorem 4.3. For each k > there are spaces Gk and Wk G YV^^^^^ satisfying the following 
conditions: 

(a) Er2"p'-2 ^ Gk-i V Wu; 

(b) there are maps gk '■ T^"p — > QGk-i and hk-i '■ flGk-i — > T such that hk-igu is 
homotopic to the inclusion of T^np -2 j^^^ p _ 

(c) there is a homotopy commutative diagram of cofibration sequences which defines Gk 



p2np'' ^pT+k-^ ^ ^p2np''-2 s- Y,rp2np- 



gk 



9k 



p2«p'=(pr+fc) _^ Gk-l ^ Gk 

where gk is the adjoint of gk ; 

(d) there is a map e : p'^^p'' (^pr+k-i^ y p2np''+i^pr+k-i-^ — ^ Y^p2np^ which induces an epimor- 

phism in mod-p cohomology; 

(e) the map nik : P'^^p'' (p^+k) — , 5]y2np'=-2 divisible by p'+''-^ ; 

(f) there is a map (pk '■ Gk — » S^"^^{p^} extending (pk-i; 



(g) 

(h) 
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there is a homotopy commutative diagram of fibration sequences 
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T 



Rk 



H 

BW„ = 



El. 



^2„+l|p,.| 



(i) E2f^Gfe_i e>V;+^-i; 

(j) the equivalence in (a) extends to an equivalence J^T^^-p ~ Gk V Wk; 

(k) I]2y2„p'= g -^r+fc . 

(1) GkAT^'^p' e w;+^• 

(m) i]t2"p' a r2"p' e 

(n) t/iere is a map iik '■ T^"-p x T — > T which is the inclusion on the first axis and the identity 
on the second. Furthermore there is a homotopy commutative square 



T 



r!52n+l 



r!52n+l^ 



Proof. With G_i = * and Go = p2"+i these statements are all immediate for fc = with 
(po : -P^"+^ — * the inclusion, = E from TheoremEU z^o = , fio ■ P^"" x T — >T 

obtained from the action of J1P^"+^ on T defined by the fibration in Theorem l3.6l We now supposed 
that (a)-(n) are all valid with fc — 1 in the place of fc and we proceed to prove them for fc. 

Proof of (a) . We will construct a map 



which induces a monomorphism in mod-p homology for each m satisfying p'^ ^ < m < p^ , where 
s — Vpirn). We then assemble these into a map 



p"-i 



which induces an isomorphism in mod-p homology. By applying (j) in the case fc — 1 we are done. 
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To construct the maps we appeal to (n) in the case k — 1 and iterate this to produce a diagram 
with p factors 

Ji2np'=-i X • • • X J'2np''~^ 5- rp2np'' 



where J{S'^")j is the 2nj skeleton of ^lS'^"~^^. Since p'^~^ < m < p'^,we can write m = Osp* + • • • + 

ak-ip''~^ with Us > and Uk-i > 0. Write I = Usp'^ H h ak-2p''~^ so that m = 1 + ak-ip''~^ and 

further restrict the above diagram to one with a^-i + 1 factors 

rp2nl y rp2np''~^ X • • • X X'^np''"-'^ s- rp2nm 



By applying the maps in this diagram to a generator of J(S'^")to; Z/p) we see that 

(Ji)* (w(m)) = v{l) (g) Ufe-i • • • Wfe-i- 
Now vim) = /3(''+*)u(m) and v{l) = ^^''+-''>u{l), so 

(g) Wfe_i (g) • • • ig) t;fc_i = Wfc-i • • • Vk-i) ■ 

Applying (k) and (1) in case fc — 1 wc see that 

^ ^2nl ^ ji2np'°~^ X • • • X J'^rtp''"'^^ g yyr+fe-1 

Now given any space W e W^"'"'^"^ and any class ^ e Z/p) with /J^-'^^ ^ 0, there is a map 

f^:P^+^{p^)-^W 

with an epimorphism. Thus for each m satisfying p''~^ < m < p'^ we may choose such a map 
corresponding to ^ = u{l) Vk-i • • • t^fe- The composition 

therefore gives the desired map fm- 

Proof o/(b). Prom part (a) we obtain a map T'2np'°-2 — ^ QGk-i which induces an isomorphism 
in 7r2n-i( )• The composition 

3.2np'=-2 _^ ^Q^_^ ^ 

factors through T'2np'°-2 g^j^^j provides a self map of T^"p'°~^ which induces an isomorphism on 'K2n-i{ )■ 
Calculations with cup products and Bocksteins show that this map is a homotopy equivalence, so 
composing with the inverse provides a possibly different map 

9k : T'-P"-' nCk-i 
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such that hk-iQk is homotopic to the inclusion. 

Proof of (c) . Using the map gk from (b) we construct a commutative diagram where the bottom 
row is the fibration sequence from (h) in case k — 1 and the middle row is a cofibration sequence 



j>2np 



flGk- 



p2np'' ^pr+k-^ 



hk- 



Rk- 



Y^j'2np -2 
Sk 
Gk-1- 



Define ak ■ P'^^p'' — > Gk-i as the vertical composition on the right. Define by the diagram 
of cofibration sequences 

p2np (jf+k^ 9- Y,rp2np''-2 s- j;ji2np'= 

9'k 



Gk- 



Proof of (d). As in part (a), we consider the diagram: 

ij-'2np''~^ X • • • X 2^2np''~^ - 



rj'2np'' 



J(S'2")pfc-i X ••• X J(S'2")pfc-i ^ J(52")p. 

with p factors on the left. This is defined by iterated application of part (n) in case k — \. Clearly 

P-^Vk) = Vk-i O • • • O Vk-i = . . . vlZl 8) Vk-i • • • <8) Ufe-i). 

As before there is a map 

q . p2np'' + l^pr+k-l^ ^ ^2np''-'^ X • • • X T^^p'''^^ 



such that {'E{jl)q)* is an epimorphism in Z/p cohomology obtained by applying (k) and (m) in 
case k — 1. Similarly, Vk = P^^~^''\k and 



{fi)*Uk = ^ Vk-l 
p terms 



) Vk-l (S Uk-i (X) Vk-i ■ ■■ (S Vk-i- 



In particular, the map 



rp2np''-'^-l ^ rp2np''-^ X • • • X T"^"^^ ^ , j<2np'' 
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has the property that 

(/2')* (ufc) = Ufe-i ® Vk-i ® ■ • ■ (8 Vk-i 

= /3(''+''"i) {uk-i <E) Uk~i <E) Vk <E) ■ ■ ■ (E) Vk) ■ 

It follows, as before, that there is a map 

such that (S(/i')r)* is an epimorphism in Z/p cohomology. We construct e as the wedge sum 



Proof of (e). We apply Lemma [O with x^e, s^r + k-1, X = sr2"p'=-2^ m = pSnp'^-ij-^r+fc^^ 
and f = mk: SM — > X. In this case A = p2np'=-i(-pr+fc-i) ^ p2np^ ^y+k-i^^^ ^j^j^^j^ ^.j^g cofiber 
of p-^+fe-i on M = P2"?"-! It follows that ruk is divisible by p''+^''^ . 

Proof of (f). To show that there is an extension of ^pk-i to (fkj 

p2"P'(p'-+fe) Gfe_l - 

Vk-l 
^2„+l|pr| 

it suffices to show that ak is divisible by . This holds by (e) since r + fc — 1 > r. 

fc-i . 

Proof of (g). By part (g) for fc — 1, there is a homotopy equivalence SGk-i — V -P^"'' 

4=0 

Also, by definition, SGk = SGk^i Usa^ CP^^p" {p''+''). By part (e) ak = a o (p'^+'^-h) so Sak = 
ao (p'^^'^^^l) ~ (p'''^'^^^L^ o a. However 

pr+k-l^. Y p2„p'+2 ^pr+^■^ _^ \Jp2np^+2 (^.+,:) 



Gk = Gk-iU^, Cp2"P'(p'-+'=) 




is null homotopic since the order of the identity map on a mod-p'' Moore space is p^ . 
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Proof of (h). As we have constructed (pk ■ Gk — > in part (f), we have a puUback diagram 

of principal fibrations 



Gk- 



Ek 



Gk 



Vk-l 



We wish to apply Theorem 
is a lifting 5 of , 



to extend Vk-i : -Efe-i — > -BW„ to Ek- It suffices to show that there 



Ek- 



p2np'° (^pT+k^ 




Gfe-1 



which is divisible by p. Since ak ^ p^'^^^^a, it follows that p^a lifts to a map 5' : p^np*- j-^r+fc-j — ^ 
i?fc_i with p^^^S' — 5 a. lifting of ak- Thus as long as fc > 1 we can construct 6 with the 
requisite property. When fc = 1, we appeal to [CMNl] where it is shown that ai — p6i with 

Si : p-^-^P[p-r+^) , p2n+l^pr-) Yd^y^^ to Eq. 

Proof of (i). By part (j) in case fc — 1, Yi^^Gk-i is a retract of E^riST^"^'' \ The latter space splits 
since the loop space can be approximated by the James construction T], giving 



which is in W^+'° ^ by (k) and (1) in case fc — 1. Since W^+*'' ^ is closed under retracts we are 
done. 

Proof of (j). By part (a), we have ST^"?'-^ ^ q^_^ ^ ^^^^ ^^^^ .^^^ ^^^^g 

^T^np" ^ ^^j.2np''-2^j ^^^^ (J P^'^P" {p'-+'') 

with rrik divisible by p^^'^^^. It suffices to show that the map 

mk : p2np'=(pr+fe) _^ j.y2„p'=-2 _ ^ 

factors though Gfe_i. To this end, observe that there is a homotopy decomposition 



n {Gk-i V Wk) ^ r!Gfc_i xQiWk^^ nCk-i) . 
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We will show that any map 

p2«p'(p,+fe) — > Vt^fe X nCk-i which is divisible by 
homotopic. Since Wk is (4n — l)-connected, the Moore spaces in Wk are double suspensions, so 
Wk X nCk-i e >V;+''^-^ In fact, Wk x ^Gk-i ~ M/'i V with Wi e W;+^-^ and W2 a retract of 

p-i 

r=2 

which is Anp^^^ — 1 connected. The result follows from Lemma 14.21 
Proof of (k). This follows immediately from (g) and (j). 

Proof of (1) . This follows from 3 steps based on an analysis which first appeared in |T1| . 
Step 1: Gfe AT^""""' G . 
Consider the cofibration sequence 

We have p2«p'= (^r+fc) ^y2„p'=-i ^ yy;+fe-i and afeAl is divisible by Consequently, Al - * 

and so there is a homotopy decomposition 

which is in W^^^^^ by (k) in case k — 1. 
Step 2: Gfc_i Ar2"p' e W^+'^-i. 

By (j) in case k~l, Gk-i A T^^p' is a retract of ET^"^'"' A T^"?". But 

by (j). By Step 1 and (k) in case fc — 1, the latter space is in W^.^'''^^. Since 'Wr~^'^~^ is closed under 
retracts, we therefore have Gk-i A T^^p*" e yV^+''~^ 
Step 3: Gfe AT2"p' g W;+'=. 

Consider here the cofibration sequence 

p2np''^pr+k^ ^ y2„p'= ^^J^ ^ j.2np'' ^ ^ p2„p'= ^ 

The first space is in W;'+'= by (k) and the second is in W^+'^-i by Step 2. In fact, Gk-i A T^^p*" 
(•p2np'=-i+i(pr+fe~i) A t2"p') V W with M^' G >V;+''"2^ Here, the projection onto the first factor 
is pk-i A 1, where pk-i is obtained by collapsing Gk-2 to a point. Applying Lemma l4.2r b). we see 
that if ttfc A 1 is nontrivial, so is the composition 

p2np''~j-^r+fc-j ^ j,2np'' ^kM^ q^^^ ^ p2«p'^ Pk-lM^ p2np''- ^ j-^r+fc- 1 ^ p2np'= ^ 

We will show that this composition is null homotopic. Let 5 = pk^iak, which is divisible by p^+f'-'^ 
because ak is. According to [NlJ, the p''+'^^^-powcr map on 

5.2np +l|^r.+fc-l| ^^^11 homotopic. 
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Therefore the composition 

is null homotopic. It follows that the composition 

p2np'=|-pr+fe-j ^ ) p2np''~^ + 1 ^pV+k-l^ P ^ g2np''~'^+l 

is null homotopic. Since the map 
has a left homotopy inverse, the map 

p2np''(y+k^ ^ rp2np'' ^ p2np'=-i+l ^^r+fc^ ^ j.2np'= 

is null homotopic. Since ctfc A 1 is the composition 

it is null homotopic as well. Consequently, there is a homotopy decomposition 

Gk A T2"f' ~ {Gk-i A T2"p') V (p2"p'+i(p'+fe) A r^"^'). 
Both terms on the right are in W^"'"'^ by (k) and Step 2. 

Proof of (m). By (j), ST^"?" A T^"?' ~ (Gfe VVTfe) A T^"^'. By (1), G^AT^"?''' e W;+^ and as T^fc 
is a wedge of Moore spaces which are at least (4n — l)-connected, it is a double suspension, so by (k) 
we have Wk A T^"?" g W;+*^. Thus ST^"?" A T'^^'p" e W;+'=. 

Proof of (n). Since the composite Rk — > i5fe — >■ Gfe — > S'^"+^{p'"} — > ^zn+i jg j^^^jj homotopic 
by (h), there is a commutative diagram of principal fibrations: 



Rk ^ p52n+l 



Gk ^ 52„+i 

where p^^^+i is the path space on 5^"+^. Consequently the actions are compatible 



T 
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Using (j) we construct a map gk ■ T'^"-p'' — > fiCfc such that the composition 

is homotopic to the inclusion as in (b). This gives a homotopy commutative diagram 

9fc X 1 

y2np'= ^ y ^ nCk X T 

Mfc a 

T = T. 

Combining the preceeding two diagrams gives the result and completes the induction. □ 

We now consider the limiting case. Write G ~[JGk , R = \jRk and Eoo = |J -^fe- 
Theorem 4.4. There is a diagram of fibration sequences 

no ^ T ^ R ^ G 

E 

Q5.2n+l|pr| ^ ^ Q S'2»+l{p'-} 

H 

BWn BWn 

and there are maps g : T > QG and f : G — > ST such that the composites 

G -^G 
T -^ilG 

are homotopic to the identity maps. 

Proof. The diagram is the direct limit of the diagrams in Theorem l4.3l (h) with h ~ lim hk, g ~ lim gj- 
and / = lim/fe, where fk : Gk — > j]y2np'' right inverse for gk given by Theorem 14.31 (j). □ 

Theorem 4.5. The following space belong to : Y?nG, EG, GAT, ET A T, and W where 

Y.T ~Gyw. 

Proof. This follows immediately from the results in Theorem 14.31 by taking limits. □ 

The retraction of T off fiG in Theorem 14.41 induces an iJ-structure on T by the composite 

m:T -kT ~^VtG -KQ.G — ^VtG-^T. 

The following proposition establishes the iJ-fibration property in Theorem ll.il (a) as a consequence 
of a slightly stronger result. 

Proposition 4.6. The map is an H map with respect to the H-space structure 

m on T. Consequently, there is an H -fibration sequence 5*2"^^ — > T — > riS^"^^. 
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Proof. Filling in the fibration diagram in Theorem 14.41 on the right, we obtain a homotopy commu- 
tative square 

h 



T 



2ri+l r„r 



Now consider the following diagram 



T xT 



gxg 



no X QG 




ExE 

The middle square commutes as flip is an _ff-map and we have just seen that the right triangle 
commutes. The left triangle commutes since ip ~ Eh, so ipg ^ E. As the top row is the definition 
of the multiplication m on T, the commutativity of the diagram implies that E is an iJ-map. 

Consequently, the composition T f2S'^"+^{p''} — > flS^^^^ is an iJ-map as it is a composite 
of i?-maps, and so the homotopy fibration 5^"^^ — > T — > $75*^"+^ is of i7-spaces and i?-maps. □ 

The next proposition and the following corollary give structural properties of the spaces T, G, 
and R. 

Proposition 4.7. The spaces T and G are atomic. 

Proof. It is easy to see that T is atomic using the product structure and the Bockstein relations. The 
case of G is more difficult. We first show that if G is not atomic then the map P^np — ^ Gk-i 
is null homotopic for some k. Suppose 7 : G — > G is a map with the property that 7|Gfc_i • Gk-i — > 
Gfe_i is a homotopy equivalence and has order p. Consider the diagram 



p2np'' (^pr+k-j 



p2np'' Ij^r+k-^ 



G 



fe-i 



G 



fe-i 



G, 



Gk 



Since 7|Gfe_i '■ Gk-i — > Gk-i is an equivalence, 70?^ has the same order as ak. Consequently d ^ 
(mod p) and hence d is an equivalence. It follows that jIg^ ■ — > Gk is an equivalence. 
Suppose now that ~ *. Then we can construct a map 

which induces an isomorphism in iJ^np "''^( ). We now show that the composite 



(Us)' 
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is an isomorphism. First we note that the image of (/i^)* is a direct sumniand since gk+i ■ 
rp2np + -2 — , induces a left inverse in cohomology. However, there is an isomorphism 

since the inclusion Gk~i V P^'^p — > Gk-i x P^np +if^pr+k^ jg equivalence in this range. 
However, iJ^np [QGk-i) contains no elements of order p''+'^ since E^fiGfe-i G W^''"'^"^ by Theo- 
rem l4.3l (i). We conclude that the composition is an isomorphism. Now apply cellular approximation 
to obtain a homotopy commutative diagram 

p2np'' j^pT+k-^ 1 

E 

where E is the suspension and s' is a skeletal factorization. It follows that s' induces an isomorphism 
in ij2np'=( ) = Z/p''+''. From this we see that 

induces an isomorphism as well because of the Bockstein structure. However H2np''-i{T;Z/p) is 
generated by Uk which is decomposable if fc > 0. This is a contradiction which implies that ak is 
essential and G is atomic. The fact that G and T are atomic and the maps /, g, h exist implies that 
(G, T) is a corresponding pair in the sense of |G7| . □ 

Corollary 4.8. R G . 

Proof. According to [G7l Theorem 3.2], i? is a retract of ET A T G W^. □ 

The next proposition implies that the space T constructed in this paper is homotopy equivalent 
to the space Anick constructed in [Aj when p > 5 (the primes for which Anick's construction holds). 

Proposition 4.9. Suppose X is an H space and there is a fibration sequence: 

^2 g2n+l V ^ ^^n-l ' . 



rp2np'° 



T 



such that the composite 

^2^2n+l V ^ 5'2""l ^2^2n+l 



is homotopic to the p^ power map. Then X T. 
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Proof. Consider the diagram of fibrations 



g2n-l ^ f]2_5.2„+l 



X. 

Since p ■ 7r,(VK„) = and p'' ■ tt, {S^''+^{p''}) = we conclude that p''+^ ■ tt^X) = 0. Since 
TT2np-i{Wn) — 0, wc eIso scc that p^ ■ iT2np-i{X) ~ 0. According to [AG|, Corollary 4.2] this is 
sufficient to construct a map 

ip:G — > EX 

which induces an isomorphism in 7r2„. The construction given in [AG| depends only on the co-ff 
space structure on G and the fact that ak is divisible by so the proof works in this context 

as well. From this we construct the composition 

T ^nC^ VLT.X — > X. 

It is an easy calculation with the Serre spectral sequence that H*{X;'L/p) = H*{T;'Z/p), so this 
map is a homotopy equivalence. □ 
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